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* akFR3a N\LOb FE\DeIMa DNHR3IMEHkFD]Fh:DP\PS_arPoIMa:N\LOa_^
e(t)
_ICwRLOarP
C
?(*DNHLO3aM_^ DaME\D3LONQPSE\]eDa
A
DNHP
e(t)⊗hAC(t) R ⊗ DFNQP[^O_XkR3arp3R3^dI PSLdR3a rDP hAC(t) bM]FNHLO3aMD^`_gEH]FCﬂR3aMN\DtLOh:CMIM^dN\LORaMaMDF^d^OD
Da$P\E\D
A
DP
C
?o/Dmh'%hzDsDFa  R3aiDFa E\DFLONHP\E\D
e(t) ⊗ hBC(t) ?	©a2N\_klJ_arP TI D Cxy =
x(t)⊗ y(−t) M^`_kR3E\EH]F^`_9PSLORabMImklJM_hzCKDFa E\DFLONHP\E\]gDamB DP ¥NF]FkE\LAP 
CAB = e(t)⊗ hAC(t)⊗ e(−t)⊗ hBC(−t) >6?A@ 
= hAC(t)⊗ hBC(−t)⊗ f(t)  >6?j> 
R 
f(t) = e(t)⊗ e(−t) ?ﬂZ[R3a N\LOb ]FE\RaMN&C E\]FNHDFarPt^ Du6Cw]E\LdDFaMkDgbMDXCwDaMN\]DWNHIMLdpq_arP\D  3IMEHD
>6?j>  !]Fh:DPIMaCMI ^ON\D oZ DFaMEHDF3LdNHPSEHD^`_8EH]FCﬂR3aMNHDKLdhzC IM^ONHLOR3aMa DF^O^dD
hCB(t)
"E\DP\R3IMEHaMDkFD
NHLO3a_q^wDP E\Darp3R3LdD
hCB(−t) ? A DFa E\DFLONHP\E\Dg_q^OR3EHN  hCB(−t)⊗ hAC(t) ?6tR3IMN[E\DFkR3aMa_qLON\NHR3aMN
^Dvu C E\DFNHN\LdR3amC E\]Fk]FbMDarPSDxb D
CAB(t)
?=*DFNebMDFIuKDu6Cw]E\LdDFaMkDFNN\R3arPbMR3aMkX]TI Ldpq_^ODarPSDFN
Bt^O^ORaMNVC ^OIMN^dR3LOaUDP7Ldh _q3LOaMRaMNXTI¬j_I ^dLODFIUb_
pR3LOExIMaN\DIM^ CﬂR3LOarPZaMRIMNDFai_3RaMN7IMa
DaMN\DhcM^ODXkR3arPSLOa$IsDFarP\R3IMES_qa$P^dDFNªNHPS_qPSLdR3aMNªB DPt? _aMNeIMasCMEHDFh:LODFE P\DFh:CMNªB DFarp3RLODXIMa
/LdES_kxTI L N\D7CMEHR3C_D7b_aMN P\R3I PSDNg^ODN bMLOEHDFkPSLORaMNF?w|}^"DFNQPXDFaMEHDF3LdNHP\E\]7DFaklJ_qTI D:CﬂR3Lda$PgZ/?
_E\h:LP\R3IMNg^ODN PSE\_HDP\NgN\IMLAp6LdN LO^DFaDu6LdNHPSDT$IML CM_N\NHDFarPWC_E ﬁ NHL cMLdDFa-T$IMD  DFaMEHDF3LdNHPSEHD
hAB(t)
NHR3LdP^O_Xf#R3a kPSLdR3a:bMDggE\DDFa T$IMDt^ R3a EHDFklJMDE\klJMDq?M _qaMN[IMa N\DFkR3aMb P\DFh:CMN$^dDFNCwR3LdarPSN
Z EHDPSRIME\aMDarP7^OD:N\Ld3a_^
hAC(−t) ? _8C E\R3C_qr_qPSLdR3a bMDFNRaMbMDFNx]Pl_qa$PxE\]kFLOC E\RTI D(PSR3I P\DFN
^dDFNgR3aMb DFNX]Fh:LONHDFNgC_Eg^dDFN CﬂR3Lda$P\NWZ pR3arPWN\DE\Df#R6kF_^OLdN\DFE/DFaB  DP> DaME\D3LONQPSEHD7kFDPHPSD7f#R3LdN
hAB(−t) ?
x_CMEHFNWkFD:T$IMLoCME\]kFFb D(ﬃkFDFkL EHDpLODarP &skFR3EHE\]^ODFEXbMDNVDaME\D3LONQPSEHDFh:DFarPSNWbMD:cME\IMLAPXbMDf#R3aMb
Da$P\E\D
A
DP
B
 ^ODNgN\R3IMEHkFDN
C
DarPSR3IME\_arPWkFR3arPSLda$#MhzDarPX^ODFNgb DFI6u EH]FkFDC PSDIME\N? *gakR3aMkF^dI P
T$ILO^©DNHPVCwR3NHN\LdcM^ODbMD:E\DkFR3aMNQPSLAPSIMDEV^O_f#RaMkP\LOR3abMD XEHDFDa DFarP\E\D:bMDFI6uUCﬂR3LOarP\N
A
DP
B
DFa
kR3E\EH]F^`_qa$Pb DFN:DFaMEHDF3LdNHPSEHDFh:DFarPSN:bMDKcME\I LdPbMDf#R3aMb &kFR3aMb LdPSLdR3aT$IMDKkFDF^dIMLAy<kFL NHR3LdP]FaM]E\]
kR3arPSLOa$#Mh:DFarPW_I6PSR3IMEgb D
A
DP
B
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ﬂ
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

ﬃ
 >q¢3¢33_c tRa$PXDaURI PSEHD7hzR3arP\E\]7T$IMDkFD
EH]FN\I ^dPl_9PoE\DFNQPSDepq_^`_c ^OD[NHL^ODNNHR3IMEHkFDFNaDFarPSRIME\Da$P C_NokR3arPSLOa$#Mh:DFarPo^dDFNoNHPS_qPSLdR3aMNh _LdN T$IMD
^dDghzLd^OLODIDFNQPN\I:NS_qhzh:DFarPJM]P\]FEHR33Fa D?
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 _aMNe^j_C CME\RklJMDgh:R6b_q^OD R3asNHIMCMCﬂR3N\DXT$IMDX^OD klJM_hzCKbR3aMbMDNeDFNHPeP\DF^T$IMDgPSRIMNe^ODFNªh:RbMDFN
bMIh:LO^OLdDFIN\Ra$P Du6kFLAPS]FN _
pDFk I ah'%hzDaMLdpD_I b]aMDFEH3LOD/DP I aMD CMJ_qN\Dg_^d]_qP\R3LOEHD?rBtIMkFIMa D
Jr6CﬂRP\JMFNHDzaDFNQPXf5_LdP\DN\IMEX^dDhzLd^OLdDFI8b D:C E\R3C_qr_qPSLdR3a? 6R3LdDFarP
sA(t)
DP
sB(t)
^dDFNgDFa E\DFLONQy
PSEHDFh:DFarPSNtbMIklJ_h:CDabMDFIu8CﬂR3Lda$P\N
A
DP
B
?w _aMNt^ Jr6CﬂRP\JMFNHDR 8Ld^m_z]FT$IMLdC_EQPSLdP\LOR3a
bMD ^]aMDFEH3LOD:DFarP\E\D^dDFNWbMLd­w]FEHDFarPSNVhzRbMDFNVCME\RCME\DNxbMDzCME\R3CM_r_qP\LOR3a *kDFNNHLO3aM_I6u CﬂDFI pDFarP
NF]FkE\LOEHD
sA(t) = <
∑
k
ak ψk(A) e
iωkt,
sB(t) = <
∑
l
al ψl(B) e
iωlt,
R K^ODFNªkR6D :kFLODarPSN
ak
EHDFCMEH]FN\DarPSDFarP/^ODFNe_qhzCM^dLdP\IMbMDFNªh:Rb_^ODN kFRhzCM^dDu6DFNeDPt^dDFN
ψk(X)
^ODN
f#R3E\h:DFNªb DFNhzRbMDFNe_qImCﬂR3LOarP
X

ωk
]Pl_arP^`_C IM^ON\_qPSLdR3abMDXkFDNth:R6b DFNF?
_:kR3E\EH]F^`_9PSLORaDFarPSEHDVkDFNebMDI6uKN\Ld3a_I6uNF]FkFEHLdP_^dR3E\N
CsAsB(τ) =
∫
∞
sA(t) sb(t− τ) dt,
=
∫
∞
<
[∑
k
ak ψk(A) e
iωkt
]
<
[∑
l
al ψl(B) e
iωl(t−τ)
]
dt,
=
1
2
<
∑
k
〈 ak a∗k〉ψk(A)ψk(B) eiωkτ .
_Wf#R3aMkPSLdR3azb D gE\DDFakR3E\EHDFN\CﬂR3aMbM_arP &XIMabM]CM^`_kDFh:DFarP DFaMEHDF3LdNHPSEH]tDa
B
bMI &WIMaMDef#R3E\kD
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_C CM^OLdTI ]FDgDFa
A
NF]FkE\LdP
GAB (t) =
∑
k
ψk(A)ψk(B)
sin(ωkt)
ωk
.
R3IMNeDFaKbM]Fb IMLONHR3aMNeT$IMD
2
d
dt
(CsAsB(τ)) = GAB .
©R3Cw]ES_qP\LOR3a bMD:bM]FEHLdpq_qP\LOR3aLOarP\E\RbMIMLdP\DLOkFL©b ]FCﬂDFaMbb D ^`_f#R3a kPSLdR3a bMDgE\DDFa kR3aMNHLObM]E\]FDq?
©a D­¬DP oR3a CﬂDFI PzbM]aMLOE:^`_-f#R3aMkPSLdR3a b D-gE\DFDa bMDKCM^OI N\LODIME\N:f5_GFRaMNzDa2f#R3aMkPSLdR3a b DFN
3E\_aMbMDIME\N:CMJrN\LdTI DFNT$IDF^d^ODsE\D^OLODq? ©Dvu C E\DFNHN\LdR3a bMR3a aM]FDKCM^OI NzJ_qI P kR3E\EHDFNHCwR3a b &IMaMD
f#R3a kPSLdR3a-bMDzgE\DFDaUEHDF^dL`_arPgIMa Df#RE\kFD &IMa bM]FC ^`_kDFh:DFarP?Lo_IkFR3arPSE\_LOEHD7R3a DFaMEHDF3LdNHPSEHD
IMaKklJ_h:CsbMDgpLdPSDN\NHD(^ R3Cﬂ]FES_9PSLORabMDWbM]FEHLdpq_qPSLdR3aaDFNQP/C ^OIMNªaM]kFDN\NS_qLOE\D
Gf→vAB =
d
dt
Gf→dAB = CsAsB(τ).
Z[D EH]FNHIM^dPS_qP NHLO3aMLAD/T$IMD/N\L¬^]T$IMLOC_qEHPSLAPSLdR3aDFNHP E\]_q^OLONH]FD 6NHLwPSRIMN ^ODN[h:R6b DFN[b IhzLd^OLODIN\R3arP
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8^dDFNeN\R3I E\kFDN bMDWcME\I LdPN\R3arPtE\]C_EHP\LODNtbMDXf5_GR3aMNJMR3h:R33Fa DWbM_aMN/^DaMN\DhcM^dDWb I
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NHIMLdpq_arPe^]TIM_qPSLdR3a
∂2u
∂t2
+ 2a
∂u
∂t
− Lu = f, 5 ?d@ 
a(~r) > 0
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f(~r, t)
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A
DP
B
&^ _LdbMD/bMDN
f#R3aMkPSLORa bMD XEHDFDFa DP bMDFN NHR3IMEHkFDFN
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E
CﬂDFI PWNHD h:DP\P\E\DN\RIMNVI aMD:f#RE\h:D7h _qP\E\LdkFLOD^O^dD? DNVkR6D :kFLODarPSNxb D:^O_Khz_qP\E\LOkD
Pij
N\R3arP
^Ldh _DzbMDNp3DkPSDIME\N
ei
f#R3EHh _qa$PxIMaMDc_qN\DbMD
E
C_E^R3Cﬂ]FE\_qPSDIME
P
? 
taMDf#R3LdNbM]aMLOD 
^O_h _qP\E\LdkFD
Pij
CﬂDFE\h:DPXb D:kF_^OkIM^ODEg^ LOhz_3DVbI a pDFkP\DFIMEWT$IMDF^dkFR3a TI D
u
C_E
P
NHDF^ORa ^O_
EHDF^`_9PSLORa
∀u : X 7−→ R3, (P u)
i
=
∑
j
Pij uj.
5 ? > 
/DW^`_h %Fh:Dgh _a LOFEHD(IMaKR3Cﬂ]FE\_qPSDIME
P
_3_arP/IMamN\CﬂDFkPSE\DVkFR3arP\LOa$IªCﬂDFI6P/NHDVh:DPHPSE\DXNHR3IMN
^O_Kf#R3EHhzDbIMaMD 5}h _9PSE\LdkFDkFRa$P\LOa$IMD7 T$IMD ^ R3a _qCMCwD^O^dDzaMR
3_ILOarP\]F3E\_^ b D ^ R3Cﬂ]FE\_qPSDIMEVDP
T$IMD7^R3amaMRP\D
[
P
]
(x, y)
? ©LOhz_3DWbIMap3DkPSDIME
u
C_E
P
NF]FkE\LAPX_^ORE\Nt_I-hzR
DFa-bIMaMD
Lda$P\]F3E\_^OD _Im^dLODIbI aMDXN\R3h:hzD 
∀u : X 7−→ R3, (P u)(x) = ∫
X
[
P
]
(x, y) u(y) dy.
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a = 0
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~r
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G(t, ~r, ~rs)
DNHPg^O_
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f
DNHPIMam/LOE\_k
δ(t, ~r − ~rs)
∂2G
∂t2
(t, ~r, ~rs)− LG(t, ~r, ~rs) = δ(t) δ(~r − ~rs). 5 ?~ 
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((ω + i)2 + L)−1
N\RLdP
Gˆ(ω + i, ~r, ~rs) = −
[(
(ω + i)2 + L
)−1 ]
(~r, ~rs),
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aMLdP\LOR3azDFNQP ]FT$IMLApq_^ODa$P\D&W^`_XCME\]kF]bMDFarPSDq? _a N[kFDP\P\D/Du6CMEHDFNHN\LORa  ^O_WaMRqPl_9y
PSLdR3a
.ˆ
LOaMbMLdT$IMD T$IMDª^`_ef#R3aMkPSLORaDFNQPoCME\LdN\D b_qaMN ^ DFNHC_kDªbMDFN f#EH]FT$IMDFa kFDFN rDP

DNHP©IMa7a R3hcMEHD
CwRN\LdP\LdfﬃLOa aMLdP\]FNHLOhz_^ ? *R3E\NHT$IMD
→ 0 aMR3IMNCwRI p3R3a N]kFEHLOE\D
Gˆ(ω + i, ~r, ~rs), = −
[(
(ω + i0)2 + L
)−1]
(~r, ~rs),
= −
∫
X
[(
(ω + i0)2 + L
)−1]
(~r, ~r ′) δ(~r ′ − ~rs) d~r ′,
= −((ω + i0)2 + L)−1 δ(~r − ~rs).
Z[DFkLﬃh:Fa D>&
−((ω + i0)2 + L) Gˆ(ω + i0, ~r, ~rs) = δ(~r − ~rs).
tR3I NzEHDFkFRaMa_LdN\N\RaMNzbM_aMN:kFDPHPSDmbMDFEHaMLOE\DsDu6CMEHDFN\NHLOR3a2^`_PSE\_aMNHf#RE\h:]FDsbMDmRIME\LdDFE7bMDK^`_
E\D^`_qP\LOR3a ?~sbM] MaMLONHNS_arPW^`_ f#R3a kPSLdR3abMDzXEHDFDa bM_aMNX^OD7bMRh _LdaMDxP\DFh:CwR3EHDF^? _f#R3aMkP\LOR3a
bMDzXEHDFDaP\DF^ T$IMDaMRIMNX^ _
pR3aMNgbM]aMLdD7b_aMNX^ODxbMR3hz_LOaMDWf#E\]TI DFarPSLdDF^©b_a NV6?) DNHPWbMR3aMk
cMLODamNHR3^OI6PSLORabMDX^ ]FT$I_qP\LOR3abR3aMb DW^dR3E\NHT$IMDX^`_N\RIME\kDVDNHPIMam/LOE\_k?
tR3I N©CwR3I6p3R3aMNokF_^OkIM^ODE"^`_PSES_qaMNHf#R3EHhz]D bMDeR3IMEHLODE"LOarpDFE\NHDebMD
Gˆ(ω+i, x, y)
3DFa7I6PSLO^dLON\_arP
^`_7h:]PSJ R6bMDgb DFNeE\]N\LOb IMN 
G(t, ~r, ~rs) = Y (t)
[
sin t
√−L√−L
]
(~r, ~rs).
 ?  
Z[DPHPSD/EHDF^O_qPSLdR3a7LOaMb LOT$IMDeT$IMD/^O_gf#RaMkP\LOR3a:bMD/XEHDFDFazbIMa h:LO^dLODFIxbM]FCﬂDFaMb bMI aMR
3_I Lda$P\]F3E\_^
bMDo^ R3Cﬂ]FES_9PSDFI E
L
kR3arPSE\R^O^`_qa$P^`_[CMEHR3C_3_qPSLdR3a? _ aMRqPl_qP\LOR3a
√−L bM]FNHLO3aMD©^RCw]ES_qP\DFIMEb R3arP
^ODNﬃpq_^dDFIMEHNﬃC E\R3CMEHDFNﬃN\R3arPﬃ^ODNLdh _q3DFN*bMDNﬃpq_^dDFIMEHNCME\R3CﬂDFNﬃbMD
L
C_E^O_ªf#RaMkP\LOR3a
x→
√
(−x) ?
|}^©DFa p_bMD:h %Fh:D7CwR3I Eg^`_f#R3aMkPSLORa NHLOa$IMN?
Y (t)
DNHPV^`_f#R3aMkPSLdR3a-bMDztD_pLONHLObMD7pq_^O_arPW¢
CwRIME ^ODN/PSDhzC NgaM]Fr_9PSLdf#NtDP@7CﬂR3IMEt^ODFNtPSDFh:CMNgCﬂR3N\LAPSLAf#NF? o^d^ODx_N\NHIME\EHD7TI D7^`_ NHR3^OI P\LOR3a8DFNHP
cMLODamkF_IMN\_^ODq?
tR3I N kFR3a N\LOb ]FE\RaMN&xC E\]FNHDFarPª^dDtkF_N CM^dIMN[3]aM]FE\_^ﬂR ^ODh:LO^OLdDFIDFNQPª_qPHPS]aIM_arP?4_Xf#R3aMkP\LOR3a
bMDWgE\DFDa
Gˆ(ω,~r, ~rs)
DFNQPªbM]aMLODgkR3h:hzDt^OD aMR
3_IsLOarPS]3ES_^ﬂbMD
(ω2 + 2iaω +L)−1
DPªaMRa
CM^OI Nb D
((ω + i)2 + L)−1
N\R3LAP
Gˆ(ω + i, ~r, ~rs) = −
[(
(ω + i)2 + L
)−1]
(~r, ~rs),
 ?j 
/ ' 
2*( ·q}ﬂ/2 1 jﬁ0/Ó 1j 21
tR3I Nb ] aMLdN\NHR3aMN^`_7kFR3EHE\]^`_qP\LOR3ab ImklJ_qhzCKbMDXbM]FC ^`_kDFh:DFarPeDFambMDFI6uCwR3LdarP
A
DP
B
C_E
C(τ, ~rA, ~rB) = lim
T→+∞
1
T
∫ T
0
u(t, ~rA) u(t+τ, ~rB) dt.
6?j 
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*DbM]FC ^`_kDFh:DFarP
u(t, ~r)
CﬂDFI6P %PSEHD:Dvu6CME\Ldhz] &C_EQPSLdE bMD^`_ f#R3a kPSLdR3abMD:gE\DFDa
G
DPWbMDFN
NHR3IME\kDFN
f
u(t, ~r) =
∫ ∞
0
dt′
∫
X
Ga(t
′, ~r, ~rs) f(t− t′, ~rs) d~rs. 5 ?jY 
R3IMN NHIMCMCﬂR3N\R3a N T$IMD
f
DNHP©IMaxcME\I LdP c ^`_aMk bMLONQPSEHLOcMIM]bMD[f5_qGFR3aJ R3hzR3FaMD b_aMN^ DFaMNHDFhc ^OD
bMI hzLd^OLODI
X
? 
tacMEHIMLdPVcM^O_aMkz_mIMaNHCwDkP\E\DCM^O_qPVkFR3arPSDa_arPxP\R3I P\D ^ODNWf#EH]FT$IMDaMkFDN_
pDFk
IMamh'%hzDga Ldp3DF_IKb]aMDFEH3LOD ^`_7CMJ_NHDV]Pl_arP/_^O]F_qPSRLOE\Dq?M _qaMNt^dDXbMR3hz_LOaMD P\DFh:CwRE\DF^ ^j_Iy
P\R6kR3E\EH]F^`_9PSLORabI a8cMEHIMLdPcM^O_aMkWDFaMEHDF3LdNHPSEH]VDa8IMamCwRLOarPDFNHPtIMa8/LOE\_k?=_zkR3E\EH]F^O_qPSLdR3abMD
cMEHIMLdPec ^`_aMkgDamb DFI6uKCﬂR3LOarP\NªbMLd­w]FEHDFarPeDFNQP/a$IM^d^OD?
©a8Dvu6CME\Ldh _arP
u(t, ~r)
DFaKf#R3aMkPSLORambMD
G
kR3hzh:DXb_aMN^ ]FT$I_9PSLORa8 ?Y^`_kFRE\E\]^`_qP\LOR3asbMI
klJ_qhzCKbMDXbM]FC ^`_kDFh:DFarPeDFaKbMDFIuKCwR3LdarPSN
A
DP
B
NF]FkE\LAP
C(τ, ~rA, ~rB) = lim
T→+∞
1
T
∫ T
0
u(t, ~rA) u(t+ τ, ~rB) dt,
5 ?d@¢ 
= lim
T→+∞
1
T
∫ T
0
dt
∫ ∞
0
ds
∫
X
d~rs Ga(s, ~rA, ~rs) f(t− s, ~rs)
×
∫ ∞
0
ds′
∫
X
d~rs
′ Ga(s′, ~rB, ~rs ′) f(t+ τ − s′, ~rs ′). 6?d@3@ 
©a:I PSLd^OLON\_arP©^`_ 5}^OR3L6bMDFN3ES_qaMbMNoaMR3hc E\DFN 7r^O_ ^OLOh:LdP\D[^dR3E\NHTI D
T →∞ CﬂDFI P %P\E\DeE\DhzC ^`_k]FD
C_qEª^ DFN\Cﬂ]FE\_aMkD
E
lim
T→+∞
1
T
∫ T
0
f(t− s, ~rs) f(t+ τ − s′, ~rs ′) dt = E
[
f(t− s, ~rs) f(t+ τ − s′, ~rs ′)
]
.
©aKI PSLd^OLON\_arPª^ODtf5_LdPeT$IMD
f
DFNQP/I aKc E\IMLAPecM^`_a kgaMR3IMN_p3R3a N
E
[
f(t− s, ~rs) f(t+ τ − s′, ~rs ′)
]
= σ2 δ(τ + s− s′) δ(~rs − ~rs ′),
R 
σ
DFNQPt^O_p_qE\L`_qaMkFDgbMIscMEHIMLdPec ^`_aMkq? ©amI6PSLO^dLON\_arPªkFDXE\]N\IM^APl_qPM^ ]FT$I_9PSLORam6?d@
¢7bMDpLODFarP
C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds
∫
X
d~rs Ga(s, ~rA, ~rs) Ga(s+ τ, ~rB, ~rs).
6?d@> 
R3IMNeCwRI p3R3a N&7CMEH]FN\DarP/EHDFh:CM^`_kDFE
Ga
C_EªNHR3aKDu6CME\DN\NHLOR3aKp6I DWbM_aMNe^ DFT$I_qP\LOR3aK ?j
C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds
∫
X
d~rs Y (s) Y (s+ τ) e
−a s e−a (s+τ)[
sin s
√−L− a2√−L− a2
]
(~rA, ~rs)
[
sin (s+ τ)
√−L− a2√−L− a2
]
(~rB, ~rs).
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tR3I N[N\Rhzh:DFNLOkLﬂRcM^OLd3]FN©bMDtN\IMC CwR3NHDFE ^ODhzLd^OLODI_qP\P\]Fa$I_arP6kqDNHP &WbMLOEHD
a > 0
$N\_aMN[T$IMRL
^ LOarPS]3ES_q^OD bMLAp3DE\3Dq?=oaKI P\LO^OLdNS_arP[^ODFNebMDI6usCMEHR3CMEHLO]P\]FNeN\I Ldpq_arPSDNb DFNaMR
r_I6uKLdarPS]FES_^dN
[
P
]
(x, y) =
[
P
]
(x, y) =
[
P
]
(y, x),∫
X
[
P1
]
(x, z)
[
P2
]
(z, y) dz =
[
P1 · P2
]
(x, y),
aMR3IMNeCﬂR3I pR3aMNDu6CME\LdhzDEª^`_kR3E\EH]F^`_9PSLORabMDX^`_xf5_GR3amNHIMLdpq_arP\D
C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds Y (s+ τ) e−a (2 s+τ)[
sin s
√−L− a2√−L− a2
sin (s+ τ)
√−L− a2√−L− a2
]
(~rA, ~rB).
Z[DPHPSD Dvu C E\DFNHN\LdR3aN\D NHLOh:CM^OL DªDFa I PSLd^OLON\_arP^ODFN E\D^`_qP\LOR3aMN©P\E\LOR3aMR3h:]P\E\LOT$IMDN 
sinα sin β =
1/2
(
cos(α− β)− cos(α + β)) kDVT$IML*a R3IMNeCwDE\h:DPebMDXkF_^OkIM^ODEª^ LOarPS]3ES_^dD/NHDF^ORa ds
C(τ, ~rA, ~rB) =
σ2 e−a |τ |
4 a
[
(−L)−1
(
cos τ
√
−L− a2 + a sin |τ |
√−L− a2√−L− a2
) ]
(~rA, ~rB).
_WbM]E\LAp3]FDeC_qEE\_CMCﬂR3EHP_qIP\DFh:CMNobMDekFDP\PSDebMDE\aMLdFEHD]T$I_qPSLdR3a7f5_LdP_qCMC_E\_LdP\E\D ^O_/f#R3aMkP\LOR3a
bMDVXEHDFDambMIKh:LO^OLdDFI 
 ﬃ

 
	  	ﬂ

ﬂ 	  >q¢3¢3_   
d
dτ
C(τ, ~rA, ~rB) =
−σ2
4 a
(
Ga(τ, ~rA, ~rB)−Ga(−τ, ~rA, ~rB)
)
 ?A@
 
Z[DzEH]FNHIM^dPS_qPXN\Ld3aML MD7TI D:^O_bM]FEHLdp3]DbMDz^O_kFR3EHE\]^`_qP\LOR3a-bMI klJ_h:CbMDbM]FC ^`_kDFh:DFarPWDFarPSEHD
bMDFIuxCﬂR3Lda$P\N*B DP  DNHPﬃ^`_ f#R3aMkPSLdR3aXbMD gE\DDFaWkFR3h:CM^dPSD©b Ixh:LO^OLdDFI DarPSE\DB DP ﬁ
kR3arPSDFaM_arP
PSR3I N^dDFNeh:R6bMDNªbMDXCME\RC_r_qP\LOR3a¬?
R3I E C_qEHp3DaMLOE	&XkFDE\]N\IM^APl_qPr_IMkIMaMD/JrCﬂRPSJMN\DN\IME^ODeh:LO^dLODFIxbMDeCME\R3CM_r_qP\LOR3aa_WcﬂDFNHR3LOa
b %PSEHDf#R3E\hI ^O]FDq?oZ[DF^dIMLAy<kFL CwDI PHy&%PSEHDsTI DF^OkR3aMT$IMD ©^`_N\DIM^ODskR3arPSES_qLOarPSD]Pl_arP:T$IMDs^ _qP\P\]y
a$I_qPSLdR3a N\R3LAPVa R3a a$IM^d^OD?©LOarP %E\DPxbMD:kFDP\P\D bM]h _EHklJMD:E\]FNHLObMD:DFaUR3I P\E\D:b_aMNW^OD7f5_LAPXTI D
aMR3IMN/aj_pR3aMNgC_N/cwDN\R3Ldab]FkFEHLOEHDDu6CM^dLOkFLAPSDhzDa$Pt^ R3Cﬂ]FE\_qPSDIME
L
kFRa$P\E\R3^d^`_arPt^`_ C E\R3C_qr_9y
PSLdR3a bMDN R3aMb DFN6kFD^OIML§y}kFLbMRLdP N\LOh:CM^dDFh:DFarPE\DFNHCwDkP\DFE ^O_VkFRaMN\DEHpq_qPSLdR3abMDt^ ]FaMDE\3LdD? *D/^OLdDFa
DFarPSEHD7kFR3EHE\]^`_qP\LOR3aKDPtf#R3aMkP\LOR3ambMDgE\DDFa-aDFNQPgbMR3aMkVC_N NHCw]kFL T$IMD & ^O_zN\LdN\h:R3^OR3LODXR3I &
^ _kFRIMNHP\LOT$IMD(kqDNHPt_IKkFR3arP\ES_LdE\DgIMaMDXEHDF^`_9PSLORaPSE\Ne3]FaM]ES_^dDgDFaKCMJrN\LOT$IMDq?
6Lw_IMkFI aMD/JrCwRqPSJMN\Dga_VcﬂDFNHR3LOazb %PSEHD/f#R3E\hxIM^O]DT$I_qa$P _Ih:LO^dLODFI7b D/CMEHR3C_r_9PSLORa raMR3IMN
_p3R3aMNN\I CMCwRN\]WTI DW^dDFNªNHR3IME\kDFNbMDXcME\I LdPª]Pl_LdDFarPE\]FCM_EHP\LODFNªbM_aMNªPSR3I6Pe^ODgh:LO^OLdDFI?6Z[DXaDFNQP
C_N7^dDk_N7DaiNHLONHhzR3^dR33LdD  ^dDcMEHIMLdP7Da bMDFNHN\R3IMN:bMD-@s !KC E\R
pLODFarPDN\N\DarPSLOD^O^dDFh:DFarP7bMDN
R6k]_a N _^dR3E\NªT$IMDV^ODFNNHPS_qPSLdR3aMNeN\Ra$PtN\LAPSIM]DFNtN\IME^ODNtkR3arPSLOa DFarPSN?ﬂ|}^DNHP b R3aMkWaM]FkDFN\N\_LOEHDxbMD
f#R3E\hxIM^ODEgIMaMD:_CMCMEHR6klJ D:C ^OIMNX3]aM]FE\_^OD7NHDzC_qN\NS_qa$PWbMDkDP\P\DzJrCﬂRPSJMN\Dq? Z[DkFL©DFNQPx^Rc HDP
bMIKklJ_CMLAPSE\DXNHIMLdpq_arP?
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C(τ, ~rA, ~rB) = lim
T→+∞
1
T
∫ T
0
u(t, ~rA) u(t+ τ, ~rB) dt
= lim
T→+∞
1
T
∫ T
0
dt
∫ ∞
0
ds
∫
X
d~rs Ga(s, ~rA, ~rs) f(t− s, ~rs)
×
∫ ∞
0
ds′
∫
X
d~rs
′ Ga(s′, ~rB, ~rs ′) f(t+ τ − s′, ~rs ′)
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[
f(t− s, ~rs) f(t+ τ − s′, ~rs ′)
]
= σ2 δ(τ + s− s′) δ(~rs − ~rs ′)
lim
T→+∞
1
T
∫ T
0
f(t− s, ~rs) f(t+ τ − s′, ~rs ′) dt = E
[
f(t− s, ~rs) f(t+ τ − s′, ~rs ′)
]
= σ2 δ(τ + s− s′) δ(~rs − ~rs ′)
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C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds
∫
X
d~rs Ga(s, ~rA, ~rs) Ga(s+ τ, ~rB, ~rs)
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C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds
∫
X
d~rs Y (s) Y (s+ τ) e
−a s e−a (s+τ)[
sin s
√−L− a2√−L− a2
]
(~rA, ~rs)
[
sin (s+ τ)
√−L− a2√−L− a2
]
(~rB, ~rs)
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[
P
]
(x, y) =
[
P
]
(x, y) =
[
P
]
(y, x)∫
X
[
P1
]
(x, z)
[
P2
]
(z, y) dz =
[
P1 · P2
]
(x, y)
 	
ﬀﬁﬁﬂﬁﬃ ﬂﬁ"!ﬃ#$%ﬃ#&
'()ﬁ*%*+'
$,ﬁﬁﬂ
(**-
'
ü


V`C\^EHKV0>_@HiY²efCENTDdJU>5efCENlV`aHgMKNCEOTORQxMKCENNTH	JL>AV`W]CE@)efd@MKVWLCE@£¤
C(τ, ~rA, ~rB) = σ
2
∫ ∞
0
ds Y (s + τ) e−a (2 s+τ)[
sin s
√−L− a2√−L− a2
sin (s+ τ)
√−L− a2√−L− a2
]
(~rA, ~rB)
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sinα sin β = 1/2
(
cos(α − β) − cos(α + β)) >P@B£MKCED2Z&d&V`W]@^V`a&H_WL@pV`HK^EN`>PJC{sEHKN
ds
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C(τ, ~rA, ~rB) =
σ2 e−a |τ |
4 a
[
(−L)−1
(
cos τ
√
−L− a2 + a sin |τ |
√−L− a2√−L− a2
) ]
(~rA, ~rB)
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